Let E be a real Hausdorff topological vector space. In the present paper, the concepts of the transfer positive hemicontinuity and strictly transfer positive hemicontinuity of set-valued maps in E are introduced (condition of strictly transfer positive hemicontinuity is stronger than that of transfer positive hemicontinuity) and for maps F : C → 2 E and G : C → 2 E defined on a nonempty compact convex subset C of E, we describe how some ideas of K. Fan have been used to prove several new, and rather general, conditions (in which transfer positive hemicontinuity plays an important role) that a single-valued map Φ : c∈C (F(c) × G(c)) → E has a zero, and, at the same time, we give various characterizations of the class of those pairs (F,G) and maps F that possess coincidences and fixed points, respectively. Transfer positive hemicontinuity and strictly transfer positive hemicontinuity generalize the famous Fan upper demicontinuity which generalizes upper semicontinuity. Furthermore, a new type of continuity defined here essentially generalizes upper hemicontinuity (the condition of upper demicontinuity is stronger than the upper hemicontinuity). Comparison of transfer positive hemicontinuity and strictly transfer positive hemicontinuity with upper demicontinuity and upper hemicontinuity and relevant connections of the results presented in this paper with those given in earlier works are also considered. Examples and remarks show a fundamental difference between our results and the well-known ones.
390 Zeros, coincidences, and fixed points and [6, Theorems 3 and 5], Fan [6, 9] , [10, Theorem 5] and [8, Theorem 1] , Glicksberg [14] , Kakutani [18] , Bohnenblust and Karlin [3] , Halpern and Bergman [15] , and others) concerning upper semicontinuous maps and, in particular, inward and outward maps (the condition of upper semicontinuity is stronger than that of upper demicontinuity).
Let C be a nonempty compact convex subset of a real Hausdorff topological vector space E, let F : C → 2 E and G : C → 2 E be set-valued maps and let Φ : c∈C (F(c) × G(c)) → E be a single-valued map. The purpose of our paper is to introduce the concepts of the transfer positive hemicontinuity and strictly transfer positive hemicontinuity of setvalued maps in E and prove various new results concerning the existence of zeros of Φ, coincidences of F and G and fixed points of F in which transfer positive hemicontinuity and strictly transfer positive hemicontinuity plays an important role (see Section 2) . In particular, our results generalize theorems of Fan type (e.g., [11, ) and contain fixed point theorems for set-valued transfer positive hemicontinuous maps with the inwardness and outwardness conditions given by Fan [11, page 108] . Transfer positive hemicontinuity and strictly transfer positive hemicontinuity generalize the Fan upper demicontinuity. Furthermore, a new type of continuity defined here essentially generalizes upper hemicontinuity (every upper demicontinuous map is upper hemicontinuous). Comparisons of transfer hemicontinuity and strictly transfer positive hemicontinuity with upper demicontinuity and upper hemicontinuity are given in Sections 3 and 4. The remarks, examples and comparisons of our results with Fan's results and other results concerning coincidences and fixed points of upper hemicontinuous maps given by Yuan et al. [22, 23] (see also the references therein) show that our theorems are new and differ from those given by the above-mentioned authors (see Sections 2-4).
Transfer positive hemicontinuity, strictly transfer positive hemicontinuity, zeros, coincidences, and fixed points
Let E be a real Hausdorff topological vector space and let E denote the vector space of all continuous linear forms on E. Let C be a nonempty subset of E. A set-valued map F : C → 2 E is a map which assigns a unique nonempty subset F(c) ∈ 2 E to each c ∈ C (here 2 E denotes the family of all nonempty subsets of E). 
Really define 
Definition 2.3. Let C be a nonempty subset of E, let F : C → 2 E and let G :
(a) We say that a pair (F,G) is Φ-strictly transfer positive hemicontinuous (Φ-s.t.p.h.c.) on C if, whenever (c,ϕ c ,λ c ) ∈ C × E × R and ε c > 0 are such that
then c is an interior point of the set V c,ϕc,λc,Φ , where 
(e) We say that a map F is s. 
(ii) Let (F,G) be Φ-t.p.h.c. on C and let there exists (c, 
is an interior point of the set V c,ϕc,λc,Φ .
Remark 2.5. This proves, in particular, that the condition of strictly transfer positive hemicontinuity is stronger than that of transfer positive hemicontinuity. Definition 2.6. Let C be a nonempty compact convex subset of E. We say that (c,ϕ) ∈ C × (E \ {0}) is admissible if ϕ(c) = min x∈C ϕ(x); thus if (c,ϕ) is admissible, then this means that the closed hyperplane determined by ϕ of the form {x ∈ E : ϕ(x) = ϕ(c)} is a supporting hyperplane of C at c.
(a) We say that a pair (F,G) has a Φ-coincidence if there exist c ∈ C and (u,
(b) We say that a map F has a Φ-fixed point (a pair (F,I E ) has a Φ-coincidence) if there exist c ∈ C and u ∈ F(c), such that Φ(u,c) = 0; this point c is called a Φ-fixed point for F.
(c) We say that a pair (F,G) has a coincidence if there exist c ∈ C and (u,v) ∈ F(c) × G(c), such that u = v; this point c is called a coincidence point for (F,G).
(d) We say that F has a fixed point if there exists c ∈ C such that c ∈ F(c); this point c is called a fixed point for F.
With the background given, the first result of our paper can now be presented.
Theorem 2.9. Let E be a real Hausdorff topological vector space. Let C be a nonempty compact convex subset of E, let F :
and assume that the assertion does not hold, that is, without loss of generality, for any c ∈ C, there exist ϕ c ∈ E \ {0}, λ c < 0 and ε c ≥ 0, such that
Since the family {N (c) : c ∈ C} is an open cover of a compact set C, there exists a finite subset {c 1 ,...,c n } of C such that the family {N (c j ) : j = 1,2,...,n} covers C. Let {β 1 ,...,β n } be a partition of unity with respect to this cover, that is, a finite family of realvalued nonnegative continuous maps β j on C such that β j vanish outside N(c j ) and are less than or equal to one everywhere, 1 ≤ j ≤ n, and 
which is impossible by (2.10).
(ii)-(iv) The argumentation is analogous and will be omitted.
Two sets X and Y in E can be strictly separated by a closed hyperplane if there exist ϕ ∈ E and λ ∈ R, such that ϕ(x) < λ < ϕ(y) for each (x, y) ∈ X × Y . Theorem 2.9 has the following consequence. 
) if E is locally convex and, for each c ∈ C, the set F(c) is closed and convex, then
there exists c 0 ∈ C such that c 0 ∈ F(c 0 ).
Proof. (i)
Let us observe that if we assume that the following condition holds:
for some λ ∈ R, ϕ ∈ E and ε ≥ 0, and for all (u,v) ∈ F(c 0 ) × G(c 0 ), then we obtain that, 
Therefore condition (2.18) is then satisfied.
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The above considerations, Theorem 2.9(i) and the separation theorem yield the assertion.
(ii) This is a consequence of (i).
(iii) Assume, without loss of generality, that G(c 0 ) is compact. Let us observe that if we assume that the following condition holds:
for some λ ∈ R and ε ≥ 0 and for all (u,v) ∈ F(c 0 )×G(c 0 ), then we obtain that, for all 
The above considerations, Theorem 2.9(iii) and the separation theorem yield the assertion.
(iv) This is a consequence of (iii).
We now prove the result under stronger condition. 
(ii) Denote by Φ a single-valued map of c∈C (F(c) × {c}) into E such that, for each c ∈ C, Φ(F(c) × {c}) is convex and compact and assume that F is Φ-t.h.c. on C. Then the following hold: (ii 1 ) either F has a Φ-fixed point or there exists λ ∈ R and, for any c ∈ C, there exists
( Let {β 1 ,. ..,β n } be a partition of unity with respect to this cover, that is, a finite family of real-valued nonnegative continuous maps β j on C such that β j vanish outside N(c j ) and are less than or equal to one everywhere, 1 ≤ j ≤ n, and
iii) Suppose that F(c) and G(c) are compact subsets of E and F(c) − G(c) is convex for each c ∈ C and assume that the pair (F,G) is t.h.c. on C. Then the following hold: (iii
If c ∈ C and the index j are such that β j (c) > 0, then
Consequently, for any c ∈ C and w ∈ D c , we have
whence it follows that we may assume that λ = (1/2)min 1≤ j≤n λ cj > 0 and, for any c ∈ C, ϕ c = η(c). we have that (c 0 ,η(c 0 )) ∈ C × (E \ {0}) is admissible. Assume now that, for any admissible (c,ϕ
From assertion (i) and its proof we then have that there exists λ < 0 (or
. We obtain a contradiction. 
Examples and remarks
Let E = {x = (x 1 ,x 2 ) : x ∈ R 2 } be a normed space with the Euclidean norm · and let
Example 4.1. For c = (c 1 ,c 2 ) ∈ C, define:
(4.1)
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The pair (
The The pair ( 
This proves that (F 3 ,G 3 ) is s.t.h.c. on C. The maps F 3 and G 3 are s.t.h.c. on C; the argumentation is analogous and will be omitted.
Obviously, F i and G i are not u.h.c. on All the assumptions of Theorems 2.11(iii 3 ) and 2.11(iv 3 ) for the pair (F,G) and for the maps F and G, respectively, are satisfied, each c ∈ C is a coincidence for (F,G) and each c ∈ C is a fixed point of F or G.
Obviously, neither F nor G is not u.h.c. on C. Indeed, for ϕ ∈ E of the form ϕ(x) = x 1 , x = (x 1 ,x 2 ) ∈ E, and λ = 1/2 we have that 0 ∈ U = {x ∈ C : sup u∈F The pair (F,G) and the maps F and G are t.p.h.c. on C, w 0 ∈ F(w 0 ) and ϕ 0 (w) ≥ ϕ 0 (w 0 ) = −θ for all w ∈ F(w 0 ) ∪ G(w 0 ). Thus (F,G) satisfies the assumptions of Theorem 2.9(iii) and F satisfies the assumptions of Theorem 2.10(iv 1 ).
Obviously, neither F nor G is not u.h.c. on C. Indeed, for ϕ ∈ E of the form ϕ(x) = x 1 , x = (x 1 ,x 2 ) ∈ E, and λ = 2 1/2 /2 we have that 0 ∈ U = {x ∈ C : sup u∈F(x) ϕ(u) < λ} and 0 ∈ V = {x ∈ C : sup v∈G(x) ϕ(v) < λ}. But U and V are not open in C since if N(0) is an arbitrary and fixed neighbourhood of 0 in C, then N(0) is contained neither in U nor V .
Remark 4.8. Our theorems concern maps which satisfy a more general condition of continuity than those existing in a large literature; cf. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] (see also references therein).
